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Abstract
The paper proposes a permutation representation concept for loops. A permutation representation
of a loop includes a Markov chain for each element of the loop. If the loop is associative,
then the concept specializes to the usual notion of a permutation representation of a group, the
transition matrices of the Markov chains becoming permutation matrices in this case. The class
of permutation representations of a given loop is closed under disjoint unions and direct products,
each representation decomposing into a disjoint union of irreducible representations. In contrast with
the group case, where regular actions abound as summands in large direct powers of a faithful
representation, it is shown that a loop need not be recoverable to within isomorphism from a
faithful permutation representation. The paper concludes with an application of loop permutation
representations to the investigation of Lagrangian properties of a loop.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
Quasigroups are defined informally as “non-associative groups,” as sets equipped
with a binary operation whose multiplication table is a Latin square. Loops are defined
as quasigroups possessing an identity element. (Formal definitions, valid for arbitrary
underlying sets, are given in Section 2 below, from both the combinatorial and the algebraic
points of view.) One of the major programs in the study of quasigroups and loops has
been the extension to them of various aspects of the representation theory of groups. For
summaries of character theory, see [11,16]. For a summary of module theory, see [15].
The purpose of the present paper is to initiate a theory of permutation representations of
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quasigroups. The key ideas are summarized in Section 3. Given a subquasigroup P of a
finite quasigroup Q, the elements of the corresponding homogeneous space P\Q are the
orbits on Q of the group of permutations generated by the left multiplications by elements
of P . Each element of Q yields a Markov chain action on the homogeneous space P\Q
as a set of states. The full structure is an instance of an iterated function system (IFS)
in the sense of fractal geometry [3]. If P is a subgroup of a group Q, then the concept
just specializes to the usual concept of a homogeneous space or transitive permutation
representation for groups, the transition matrices of the Markov chain actions becoming
deterministic permutation matrices in this case. Now arbitrary Q-sets for a group Q are
just built up by taking disjoint unions of homogeneous spaces. Moreover, the class of
(finite) Q-sets is closed under direct products. The class of all Q-sets admits a syntactical
characterisation as a variety of universal algebras, the axioms essentially characterising
a Q-set (X,Q) as a set X with a group homomorphism from Q to the group X! of
permutations of the set X.
For a loop Q, the situation is not so simple. There does not appear to be any readily
available syntactical description of suitable candidates for Q-sets. Obvious proposals, such
as actions of the right multiplication group of the loop, already fail for homogeneous spaces
[18]. This paper adopts a roundabout synthetic approach to the problem. The first step is
to establish a general framework, the concrete category IFSQ of iterated function systems
over the loop Q (Section 4). An object of this category, a so-called Q-IFS, is just a set X
that is the state space of a family of Markov chain actions indexed by the underlying set of
the loop Q. Each homogeneous space P\Q is certainly a Q-IFS in this sense. The category
IFSQ has coproducts given by disjoint unions, and products given by direct products. The
transition matrices in the disjoint union are the direct sums of the transition matrices of the
summands, while the transition matrices in the direct product are the tensor or Kronecker
products of the transition matrices of the factors. If Q is a group, then the category of
Q-sets is a full subcategory of IFSQ, and one may readily recognize when a Q-IFS is
a Q-set (Proposition 4.2).
For a loop Q, it is not true in general that products of homogeneous spaces P\Q
decompose as direct sums of homogeneous spaces. The fundamental Definition 5.2 thus
begins with homogeneous spaces P\Qr over direct powers of Q. However Q appears as a
subloop ofQr , irreducible summands of the restriction to this subloop of the Qr -IFS P\Qr
are defined to be elementary Q-sets of elementary index r . An atomic Q-set is then defined
as a Q-IFS that is isomorphic (in the category IFSQ) to an elementary Q-set. The index
of an atomic Q-set is defined to be the least elementary index of the elementary Q-sets
to which it is isomorphic. The elementary Q-sets of index 1 are just the homogeneous
spaces P\Q. Section 6 exhibits a loop Q having atomic Q-sets of arbitrarily large index.
Definition 5.2 concludes by defining Q-sets over a given finite loop Q to be disjoint unions
of atomicQ-sets. Theorem 5.6 shows that the category ofQ-sets defined in this way has the
desired properties of closure under disjoint unions and direct products, while Theorem 5.8
shows that if Q is associative, then the Q-sets as just defined in this new loop-theoretic
sense are precisely the Q-sets in the traditional group-theoretic sense.
A group Q may be recovered from a faithful Q-set, for example, through the regular
orbits that appear in powers of the Q-set [4,17,19,21]. For a loop Q, a Q-IFS is said to
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regular if it is isomorphic to the homogeneous space {e}\Q given by the identity element
e of Q. The transition matrices of a regularQ-set, which are actually permutation matrices,
piece together to give the Latin square that is the multiplication table of Q. (This idea goes
back at least to Baer [2], and was used by Albert [1] and many others for the construction
of loops. Baer described such sets of permutation matrices or permutations as “simply
transitive,” although the modern terminology appears to be “sharply transitive” (cf. [12]).
For a discussion, see [6, Section 7].) Section 7 of the current paper constructs an example
showing that one cannot recover a loop Q to within isomorphism from a faithful Q-set. In
particular, this means that regularQ-sets do not necessarily appear in identifiable fashion in
any powers of a faithful Q-set. It remains open as to whether one may recover the isotopy
class of a loop Q from a faithful Q-set (Problem 7.1).
The final section of the paper presents a first application of the theory of loop
permutation representations, to the study of Lagrangian properties of loops. Lagrange’s
Theorem for groups breaks down for loops in general. A finite loop Q is thus said to
satisfy the weak Lagrange property if each subloop P of Q is such that |P | divides
|Q|. The weak Lagrange property is not inherited by subloops, so a finite loop Q is
defined to possess the strong Lagrange property if each subloop of Q has the weak
Lagrange property. There has been considerable interest in identifying loops with the
strong Lagrange property (cf. [5,8,9]). Now the proof of Lagrange’s Theorem for groups,
showing that the order of a subgroup P of a group Q divides the order of Q, depends
on the uniformity of the homogeneous space P\Q. One thus defines a loop Q to possess
the (right) Lagrange property if each of its homogeneous spaces P\Q is uniform, in the
sense that all the orbits of the relative left multiplication group of P in Q have the same
number of elements. (Proposition 8.1 shows that this uniformity is actually a property
of atomic Q-sets of index 1 that may be determined from the transition matrices of the
Q-sets.) The new Lagrangian property is more robust than the weak Lagrange property,
since it is automatically inherited by subloops (Corollary 8.6) and homomorphic images
(Proposition 8.9). Moreover, it implies the strong Lagrange property (Corollary 8.7), but
in fact is strictly stronger (Example 8.8).
The current nascent state of the theory of loop permutation representations is reflected
in the various open problems posed at the end of each of the latter sections of the paper. For
concepts and conventions of quasigroup theory and universal algebra that are not otherwise
explained here, readers are referred to [22].
2. Loops, quasigroups, and multiplication groups
Quasigroups and loops may be defined combinatorially or equationally. Combinatori-
ally, a quasigroup (Q, ·) is a set Q equipped with a binary multiplication operation denoted
by · or simple juxtaposition of the two arguments, in which specification of any two of
x, y, z in the equation x · y = z determines the third uniquely. In particular, the body of
the multiplication table of a (finite) quasigroup is a Latin square, while each Latin square
may be bordered to yield the multiplication table of a quasigroup. Equationally, a quasi-
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division / and left division \, satisfying the identities:
(IL) y\(y · x)= x;
(IR) x = (x · y)/y;
(SL) y · (y\x)= x;
(SR) x = (x/y) · y .
A subset P of a quasigroup Q is a subquasigroup of Q if it is closed under the three binary
operations. More generally, the equational definition of quasigroups means that they form
a variety in the sense of universal algebra, and are thus susceptible to study by the concepts
and methods of universal algebra [22].
For each element q of a quasigroup Q, the right multiplication
R(q) :Q→Q; x 	→ x · q,
and left multiplication
L(q) :Q→Q; x 	→ q · x,
are elements of the group Q! of bijections from the set Q to itself. For a subquasigroup
P of a quasigroup Q, the relative left multiplication group of P in Q is the subgroup
LMltQ(P) of Q! generated by
L(P)= {L(p) :Q→Q | p ∈ P}. (2.1)
Relative right multiplication groups are defined similarly. A loop is a (non-empty)
quasigroup Q with an identity element, an element e such that R(e) = L(e) = 1 in Q!.
Loops form the non-empty members of the variety of quasigroups satisfying the identity
x/x = y\y . They may also be construed as algebras (Q, · , /,\, e) such that (Q, · , /,\) is
a quasigroup and e is a nullary operation satisfying the identities e · x = x = x · e.
3. Quasigroup homogeneous spaces
The construction of a quasigroup homogeneous space for a finite quasigroup [18,20]
is analogous to the permutation representation of a group Q (with subgroup P ) on the
homogeneous space
P\Q= {Px | x ∈Q} (3.1)
by the actions
RP \Q(q) :P\Q→ P\Q; Px 	→ Pxq, (3.2)
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relative left multiplication group of P in Q. Let P\Q be the set of orbits of the permutation
group L on the set Q. If Q is a group, and P is non-empty, then this notation is consistent
with (3.1). Let A be the incidence matrix of the membership relation between the set Q
and the set P\Q of subsets of Q. Let A+ be the pseudoinverse of the matrix A [13]. For
each element q of Q, right multiplication in Q by q yields a permutation of Q. Let RQ(q)
be the corresponding permutation matrix. Define a new matrix
RP \Q(q)=A+RQ(q)A. (3.3)
(In the group case, the matrix (3.3) is just the permutation matrix given by the permutation
(3.2).) Then in the homogeneous space of the quasigroup Q, each quasigroup element q
yields a Markov chain on the state space P\Q with transition matrix RP \Q(q) given by
(3.3). The set of convex combinations of the states from P\Q forms a complete metric
space, and the actions (3.3) of the quasigroup elements form an iterated function system or
IFS in the sense of fractal geometry [3].
4. The IFS category
Let Q be a finite quasigroup. Define a Q-IFS (X,Q) as a finite set X together with an
action map
R :Q→ EndC(CX); q 	→ RX(q), (4.1)
from Q to the set of endomorphisms of the complex vector space with basis X (identified
with their matrices with respect to the basis X), such that each action matrix RX(q) is
stochastic.
Definition 4.1. Let (X,Q) be a Q-IFS.
(a) The total matrix of (X,Q) is the sum
T(X,Q) =
∑
q∈Q
RX(q)
of the action matrices of the elements of Q.
(b) For Q non-empty, the Markov matrix of (X,Q) is the arithmetic mean
M(X,Q) = 1|Q|
∑
q∈Q
RX(q)
of the action matrices of the elements of Q.
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A morphism
ϕ : (X,Q)→ (Y,Q) (4.2)
from a Q-IFS (X,Q) to a Q-IFS (Y,Q) is a function ϕ :X → Y , whose graph has
incidence matrix F , such that
RX(q)F = FRY (q) (4.3)
for each element q of Q. It is readily checked that the class of morphisms (4.2), for a fixed
quasigroup Q, forms a concrete category IFSQ.
Proposition 4.2. Let Q be a finite group.
(a) The category of finite Q-sets forms the full subcategory of IFSQ consisting of those
objects for which the action map (4.1) is a monoid homomorphism.
(b) A Q-IFS (X,Q) is a Q-set if and only if it is isomorphic to a Q-set (Y,Q) in IFSQ.
Proof. For (a), suppose that the action map (4.1) of a Q-IFS (X,Q) is a monoid
homomorphism. Let A be in the image of (4.1). Then A is a stochastic matrix with Ar = I
for some positive integer r . It follows that A is a permutation matrix (cf. [7, Section XV.7]).
Part (b) follows from part (a): if the morphism ϕ : (X,Q)→ (Y,Q) is an isomorphism
whose graph has incidence matrix F , then the action map of (X,Q) is the composite of
the action map of (Y,Q) with the monoid isomorphism RY (q) 	→ FRY (q)F−1 given by
(4.3). ✷
For a fixed finite quasigroup Q, the category IFSQ has finite products and coproducts.
Consider objects (X,Q) and (Y,Q) of IFSQ. Their disjoint union (X + Y,Q) consists of
the disjoint union X+ Y of the sets X and Y together with the action map
q 	→ RX(q)⊕RY (q)
sending each element q of Q to the direct sum of the matrices RX(q) and RY (q). One
obtains an object of IFSQ, since the direct sum of stochastic matrices is stochastic. The
direct product (X× Y,Q) of (X,Q) and (Y,Q) is the direct product X× Y of the sets X
and Y together with the action map
q 	→ RX(q)⊗RY (q)
sending each element q of Q to the tensor (or Kronecker) product of the matrices RX(q)
and RY (q). Again, one obtains an object of IFSQ, since the tensor product of stochastic
matrices is stochastic. It is straightforward to check that the disjoint union, equipped with
the appropriate insertions, yields a coproduct in IFSQ, and that the direct product, equipped
with the appropriate projections, yields a product in IFSQ.
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Let Q be a non-empty subquasigroup of a finite quasigroup Q′. Let P ′ be a subquasi-
group of Q′. By the construction of Section 3, the quasigroup Q′ acts on the homogeneous
space P ′\Q′, yielding an object (P ′\Q′,Q′) of IFSQ. Restricting the action map of this
Q′-IFS to the subquasigroupQ yields a Q-IFS (P ′\Q′,Q). Consider the Markov chain on
P ′\Q′ whose transition matrix is the Markov matrix of (P ′\Q′,Q). A subset X of P ′\Q′
is said to be a Q-subset if X is a closed subchain of this chain, i.e., if the probability of
transition from any state inside X to any state outside X is zero. A non-empty Q-subset X
of P ′\Q′ is said to be irreducible if it contains no proper, non-empty Q-subsets. A non-
empty Q-subset X of P ′\Q′ is said to be indecomposable if it contains no proper, non-
empty Q-subset Y whose complement in X is again a Q-subset. Certainly, each irreducible
Q-subset is indecomposable. The converse also holds.
Proposition 5.1. Let Q and P ′ be subquasigroups of a finite quasi-group Q′. Then each
indecomposable Q-subset X of P ′\Q′ is irreducible.
Proof. Let L be the relative left multiplication group of P ′ in Q′. Let Y be a non-empty
Q-subset of X, and let A be the union of the L-orbits on Q′ that form the states of Y . Since
Y is a Q-subset of X, the subset A of Q′ is invariant under the action of the relative right
multiplication group R of Q in Q′. Let B be the union of the L-orbits on Q′ that form
the states of X outside Y . If B were non-empty, the indecomposability of X would imply
the existence of an element b of B and an element q of Q with bR(q) in A, violating the
invariance of A under R. Thus B is empty, and the Q-subset Y of X is improper. ✷
Definition 5.2. Let Q be a finite loop.
(a) A Q-IFS (X,Q) is said to be an elementary Q-set if there is a subloop P of a proper
finite direct power Qr of the loop Q such that X is an irreducible Q-subset of P\Qr .
The integer r  1 is called the (elementary) index of the Q-set (X,Q).
(b) A Q-IFS (X,Q) is said to be an atomic Q-set if it is isomorphic to an elementary
Q-set (Y,Q) in the category IFSQ. The index of the atomic Q-set (X,Q) is the least
of the elementary indices of the elementary Q-sets to which it is isomorphic.
(c) A Q-IFS is defined to be a Q-set if it is (isomorphic in IFSQ to) a disjoint union of
atomic Q-sets.
(d) The category of Q-sets is the full subcategory of IFSQ consisting of those objects that
are Q-sets.
Remark 5.3. The atomic Q-sets of index 1 are just the Q-sets that are isomorphic to
a homogeneous space in the sense of Section 3.
Remark 5.4. For a fixed loop Q and positive integer r , there is only a finite number of
isomorphism types of atomic Q-sets of index r .
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of Qi , and let Xi be a Q-subset of Pi\Qi . Then X1 × X2 is a Q-subset of (P1 × P2)\
(Q1 ×Q2).
Proof. Since the Qi are loops, one has
L((p1,p2))= L((p1, e))L((e,p2))= L((e,p2))L((p1, e))
for pi in Pi , so
LMltQ1×Q2(P1 × P2)= LMltQ1×Q2
(
P1 × {e}
)× LMltQ1×Q2({e} × P2).
Now
(Q1/LMltQ1 P1)× (Q2/LMltQ2 P2)∼= (Q1 ×Q2)/(LMltQ1 P1 × LMltQ2 P2),
so that
(P1\Q1)× (P2\Q2)∼= (P1 × P2)\(Q1 ×Q2).
Realizing Q as the diagonal subloop
Q̂= {(q, q) | q ∈Q}
of Q1 ×Q2, one obtains X1 ×X2 as a Q-subset of (P1 × P2)\(Q1 ×Q2). ✷
Theorem 5.6. For a finite loop Q, the category of Q-sets is closed under disjoint unions
and direct products.
Proof. The closure under disjoint unions is immediate, so it remains to verify the closure
under direct products. By the distributivity of direct products over disjoint unions, it
suffices to show that the direct product of two elementaryQ-sets is aQ-set. But this follows
from Proposition 5.5. ✷
Proposition 5.7. For a finite group Q, each atomic Q-set is isomorphic to a homogeneous
space, and thus has index 1.
Proof. Suppose that Q is a subgroup of a group G that in turn contains a subgroup H , and
that Q acts by restriction of the action of G on its homogeneous space H\G. Then G has
the double coset decomposition
G=
⋃
x∈G
HxQ,
and the irreducible Q-subsets are the transitive Q-sets (H\HxQ,Q) for x in G. Each
such Q-set is Q-isomorphic to the homogeneous space (Q∩Hx)\Q. ✷
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are precisely the Q-sets in the usual group-theoretic sense.
Proof. Each group Q-set is a disjoint union of orbits, and each orbit is an atomic Q-set (of
index 1), so each groupQ-set is a loop Q-set. The converse follows by Proposition 5.7. ✷
6. An example
Proposition 5.7 showed that for a group Q, each atomic Q-set has index 1. The purpose
of this section is to exhibit an example of a finite loopQ having atomic Q-sets of arbitrarily
large index.
Consider the loop Q whose multiplication table is the following Latin square:
The proper, non-trivial subquasigroups of Q are P = {1,2}, P ′ = {1,4}, and P ′′ = {1,6}.
To within isomorphism, the only atomic Q-sets of index 1 are
{1}\Q, P\Q, and Q\Q. (6.1)
On P\Q, the action matrices (3.3) of the elements of P are the identity I2, while the action
matrices of the remaining elements of Q are
A=
[
0 1
1/2 1/2
]
. (6.2)
On (P\Q)2, the action matrices of the elements of P are the identity I4, while the action
matrices of the remaining elements of Q are the tensor square
0 0 0 1
0 0 1/2 1/2
0 1/2 0 1/2
1/4 1/4 1/4 1/4

of the matrix A of (6.2). The total matrix of (P\Q)2 is
2 0 0 4
0 2 2 2
0 2 2 2
 . (6.3)
1 1 1 3
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is an atomic Q-set, of index at most 2. On cardinality grounds alone it is clear that the
isomorphism type of (P\Q)2 does not appear in the list (6.1) of homogeneous spaces.
Thus the index of (P\Q)2 is exactly 2. Incidentally, it is worth noting that the trace of the
Markov matrix of (P\Q)2, namely 3/2, differs from 1. Thus Burnside’s Lemma, which
holds as formulated in Theorem 5.1 of [18] for quasigroup homogeneous spaces, does not
extend to more general Q-sets.
Now consider a general positive integer r . The action matrix of each element of P on
(P\Q)r is the identity I2r , while the action matrix of each remaining element of Q is the
rth tensor power Ar of A. Each entry in the bottom row of Ar is 2−r . Then each entry
in the bottom row of the Markov matrix of (P\Q)r is non-zero, so that (P\Q)r is an
atomic Q-set, of cardinality 2r and index at most r . The loop Q thus possesses an infinite
number of (mutually non-isomorphic) atomic Q-sets, whence it is clear by Remark 5.4 that
it possesses atomic Q-sets of arbitrarily large index.
This section concludes with three problems raised by the example.
Problem 6.1. Is the index of each (P\Q)r exactly r?
Problem 6.2. Is it possible for the indices of the atomic Q-sets of a loop Q to be strictly
bounded above by an integer greater than 1?
Problem 6.3. If the index of each atomic Q-set of a loop Q is 1, does it follow that the
loop is associative?
7. Faithful representations
Let Q be a finite loop. A Q-IFS (X,Q) is said to be faithful if its action map (4.1)
injects. A Q-set is said to be regular if it is isomorphic to the homogeneous space {e}\Q.
Note that these definitions extend the usual group-theoretic concepts. Moreover, a regular
Q-set (X,Q) specifies the loop Q to within isomorphism, since the multiplication table of
Q is given by the Latin square ∑
q∈Q
qRX(q). (7.1)
(The sum (7.1) is to be interpreted in the endomorphism ring of the free module with basis
Q over the ring C[Q] of complex polynomials with elements of Q as indeterminates.)
Given a faithful Q-set (X,Q) for a group Q, one may readily recover the (isomorphism
type of the) group Q, for example, from a regular orbit in a power (X,Q)r of (X,Q)
(cf. [4]). Indeed, various arguments that are not especially group-theoretical show that the
probability of a randomly chosen orbit of (X,Q)r being regular tends to one as r tends
to infinity (cf. [17,19,21]). The purpose of the current section is to show that for loops,
the situation is quite different. For a loop Q, a faithful Q-set (X,Q) does not necessarily
determine the isomorphism type of the loop Q, and in particular, it need not be true that
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This will be demonstrated by exhibiting an instance of the following configuration:
(1) a pair T ,U of non-isomorphic loops;
(2) a faithful T -set X with action RT :T → EndC(CX);
(3) a faithful U -set X with action RU :U → EndC(CX);
(4) a bijection β :T →U such that βRU =RT .
(7.2)
The loops T and U are specified by their multiplication tables as follows. The multi-
plication table of T is the Latin square
while the multiplication table of U is the Latin square
Note that T and U share the same underlying set {1,2,3,4,5,6}, so that the bijection
of (7.2)(4) will just be the identity map on this set. The loops T and U are certainly not
isomorphic: in T , only two elements square to the identity element, while there are four
such elements in U .
The subset P = {1,2} is a subloop of both T and U . Moreover, the homogeneous spaces
P\T and P\U both coincide with the set
X = {{1,2}, {3,6}, {4,5}}.
The respective actions RX(2), . . . ,RX(6) are given by the matrices[1 0 0
0 1/2 1/2
0 1/2 1/2
]
,
[ 0 1 0
1/2 0 1/2
1/2 0 1/2
]
,
[ 0 0 1
1/2 1/2 0
1/2 1/2 0
]
,
[0 0 1
1 0 0
0 1 0
]
,
[0 1 0
0 0 1
1 0 0
]
(7.3)
in both (X,T ) and (X,U), so that the requirement of (7.2)(4) is met. Finally, the matrices
(7.3) all differ from each other and from the identity matrix I3, so the given actions are
both faithful.
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Q,Q′, a triple (h, v, d) of bijections from Q to Q′ is said to be an isotopy if
xh · yv = (x · y)d
for all x, y in Q. Then the triple(
(12)(36)(45), (165)(234), (135264)
)
of permutations of {1,2,3,4,5,6} is an isotopy from T to U .
Problem 7.1. Is it possible to realise the configuration (7.2), but with T and U not isotopic?
8. Lagrangian properties
For a group Q, Lagrange’s Theorem states that the order of a subgroup always divides
the order of Q. For a general loop Q, the order of a subloop need not divide |Q|. In [14],
a subloop P of Q is called “Lagrange-like” in Q if |P | does divide |Q|. The loop Q is said
to satisfy the weak Lagrange property if each subloop is Lagrange-like. It is said to satisfy
the strong Lagrange property if each of its subloops satisfies the weak Lagrange property.
Non-associative loops satisfying the strong Lagrange property were discussed in [5,8,9].
Recalling that Lagrange’s Theorem for a group Q relies on the uniformity of the sizes of
the elements of a homogeneous space P\Q, this section formulates Lagrangian properties
for loops in homogeneous space terms. Let P be a subloop of a finite loop Q. The type of
the homogeneous space P\Q is the partition of |P\Q| given by the sizes of the orbits of
the relative left multiplication group of P in Q. Note that the type of a homogeneous space
is determined by its total matrix.
Proposition 8.1. Let P be a subloop of a finite loop Q. Then all the rows of the total
matrix of the homogeneous space P\Q are equal, and their entries are the parts of the
type of P\Q.
Proof. The total matrix of the regular space {e}\Q is the |Q| × |Q| all-ones matrix J .
According to (3.3), the total matrix of P\Q is then given by
A+JA. (8.1)
Consider the row of (8.1) indexed by a state S of P\Q having size s, and consider a fixed
entry in this row, corresponding to a state T of P\Q having size t . According to (8.1), this
entry is
1
s
· s · t = t,
independently of the choice of S. ✷
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not just of homogeneous spaces. However, Eq. (6.3) shows that Proposition 8.1 does not
extend to atomic Q-sets of index greater than 1.
The type of a homogeneous space P\Q is said to be uniform if all the parts of the
partition are equal. A subloop P of Q is said to be (right) Lagrangian in Q if the type of
P\Q is uniform, i.e., if the relative left multiplication group of P in Q acts semitransitively
(in the sense of [10, Definition II.1.14b]). Note that a Lagrangian subloop P is Lagrange-
like in Pflugfelder’s sense, since P is one of the states of P\Q. On the other hand, the
subloop P of the loop Q of Section 6 is Lagrange-like in Q, but not right Lagrangian in Q.
The Lagrangian property is more robust than Lagrange-likeness. It may happen that
a subloop P of a loop Q is Lagrange-like in Q, but not in a subloop of Q that contains P .
For example, suppose that a loop Q has a subloop P that is not Lagrange-like in Q. Then
P ×{e} is Lagrange-like in the loop Q×P , but not in the subloop Q×{e}. The following
proposition shows that the Lagrangian property does not exhibit such pathology.
Proposition 8.3. Let P be a Lagrangian subloop in a finite loop Q. Then P is Lagrangian
in each subloop S of Q that contains P .
Proof. Since P is a subloop of the loop S, the action of the relative left multiplication
group LMltS P of P in S is just a restriction to S of the action of the relative left
multiplication group LMltQ P of P in Q. Thus the uniformity of the sizes of the orbits
of LMltQ P implies the uniformity of the sizes of the orbits of LMltS P . ✷
Definition 8.4. A finite loop Q is said to satisfy the (right) Lagrange property if each
subloop of Q is (right) Lagrangian in Q.
Example 8.5. The only proper, non-trivial subloop of the loop T of Section 7 is the
subloop P , which is Lagrangian in T . Thus T is a non-associative loop satisfying the
right Lagrange property.
In contrast with the global properties based on Lagrange-likeness, Proposition 8.3 shows
that one does not need to make a distinction between “weak” and “strong” versions of the
Lagrangian property of Definition 8.4.
Corollary 8.6. Suppose that a finite loop Q satisfies the right Lagrange property. Then
each subloop of Q also satisfies the right Lagrange property.
Proof. Let P be a subloop of a subloop Q′ of Q. Then by Proposition 8.3, P is Lagrangian
in Q′. ✷
Corollary 8.7. If a finite loop Q satisfies the right Lagrange property, then it also satisfies
the strong Lagrange property.
Proof. Let P be a subloop of a subloop Q′ of Q. By Corollary 8.6, Q′ satisfies the right
Lagrange property, so that P is Lagrangian in Q′. It then follows that P is Lagrange-like
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satisfies the strong Lagrange property. ✷
Example 8.8. The converse of Corollary 8.7 is false: the strong Lagrange property is too
weak to imply the right Lagrange property. Consider the loop Q of Section 6. Its proper,
non-trivial subloops are P,P ′ , and P ′′, each Lagrange-like in Q, and without mutual
containments. Thus Q does satisfy the strong Lagrange property. On the other hand, it
has already been observed that P is not Lagrangian in Q, so that Q does not satisfy the
right Lagrange property.
Corollary 8.6 shows that the right Lagrange property is inherited by subloops. The
property is also inherited by homomorphic images.
Proposition 8.9. Suppose that a finite loop Q satisfies the right Lagrange property. Then
each homomorphic image of Q also satisfies the right Lagrange property.
Proof. Suppose that Q is a quotient of Q by a projection
Q→Q; q 	→ q¯. (8.2)
Let P be a subloop of Q whose preimage under (8.2) is the subloop P of Q. The projection
(8.2) induces a group epimorphism
LMltQ P → LMltQP ; l 	→ l¯, (8.3)
acting on the set (2.1) of generators of its domain by L(p) 	→ L(p¯). Set L= LMltQP and
L= LMltQP . Now for q in Q, one has
q¯L= qL. (8.4)
To see this, consider an element q¯ l¯, of the left-hand side of (8.4), where the element l of
LMltQP is given by
l = L(p1) · · ·L(pr)
with elements p1, . . . , pr of P . Then
q¯ l¯ = q¯L(p1) · · ·L(pr)= qL(p1) · · ·L(pr) ∈ qL,
the second equality holding since (8.2) is a loop homomorphism. Conversely, the typical
element of the right-hand side of (8.4) is of the form
qL(p1) · · ·L(pr)
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q¯L(p1) · · ·L(pr),
exhibiting it as an element of the left-hand side of (8.4).
Since the homogeneous space P\Q has uniform type, it follows that for each element
q of Q the injection
R(q) :P → qL, p 	→ pq,
bijects. In other words, qL= {pq | p ∈ P }. Then by (8.4), one has
q¯L= qL= {pq | p ∈ P } = {p¯ · q¯ | p¯ ∈ P},
so that each state of P \Q has cardinality |P |. Thus P is Lagrangian in Q, as required. ✷
In view of Corollary 8.6 and Proposition 8.9, it is natural to pose the following:
Problem 8.10. Suppose that loops Q1 and Q2 satisfy the right Lagrange property. Does
the product Q1 ×Q2 also satisfy this property?
The asymmetry inherent in Definition 8.4 means that one should also consider matters
from the other side. Thus a subloop P of a loop Q is said to be (left) Lagrangian in Q
if the relative right multiplication group of P in Q acts semitransitively. A loop Q is said
to satisfy the left Lagrange property if each subloop P of Q is left Lagrangian in Q. It is
said to satisfy the bilateral Lagrange property if it satisfies both left and right Lagrange
properties. Note that the subloop P of the loop Q of Section 6 is left Lagrangian in Q,
although it is not right Lagrangian in Q.
Finally, Chein’s paper [5] suggests the following:
Problem 8.11. Which loops satisfying Pflugfelder’s Mk-laws possess the right, left, or
bilateral Lagrange properties?
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